The electronic conductance of polymer-carbon nanotube multilayered composite films assembled by the spin-spray layer-by-layer method is investigated. Our measurements show that the film conductance per bilayer σ 1 vanishes for film thickness below a critical value, and above this threshold it grows logarithmically with the number of polyelectrolyte bilayers k l . The results of our experiments are interpreted using a stratified quasi-two-dimensional conducting-network model, in which the junction resistance between nanotubes deposited in different bilayers is a function of the interlayer distance. Using scaling arguments and numerical simulations, we show that the linear dependence of the junction resistance on the layer separation leads to the logarithmic behavior σ 1 ∼ log k l for large k l , as observed in our experiments. Properties of our stratified-network model are investigated, and we show that with proper rescaling, different sets of experimental measurements can be collapsed onto a master curve. The overall shape of the master curve is determined by a single dimensionless parameter characterizing the slope of the junction-resistance function.
I. INTRODUCTION
Thin conductive nanocomposite films with tunable properties are of great importance for the development of electromechanical, vapor, and chemical sensors 1 and functional electrodes for batteries, solar cells, and fuel cells. [1] [2] [3] [4] [5] [6] Colloids integrated in polymeric composite films improve mechanical strength, [7] [8] [9] [10] enhance electronic conduction, 7, 11 and tune other film properties. A deep understanding of how factors such as position, orientation, and contact distance of particles embedded in the polymer matrix affect film properties is necessary to engineer optimized membranes for a variety of uses.
In this paper, we focus on electronic conduction of polymer-carbon nanotube (polymer-CNT) nanocomposites assembled using the layer-by-layer (LbL) technique. 7, 8, [11] [12] [13] [14] [15] It has been previously reported that the spin-spray layer-bylayer (SSLbL) assembly method allows rapid generation of highly tunable conductive multilayers. 16, 17 The integration of single-walled carbon nanotubes (SWNTs) into various polymer matrices was shown to produce films in which the conductance can be controlled by varying the number of polyelectrolyte bilayers and the polymer and nanotube content.
The conductance of CNT-containing nanocomposites (in particular, films assembled using the LbL method) is dictated by the nanoscale film structure (e.g., the nanotube density, distribution, aspect ratio, and polydispersity) [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] and the properties of nanotube contacts. Previous work [35] [36] [37] [38] focused mostly on thin films fabricated using traditional methods (such as spin coating), so a quantitative understanding of how the microstructure of LbL nanocomposite films affects their conductance is lacking. Here we report the development of a model that describes the dependence of the sheet conductance of an SSLbL-assembled film on the number of polyelectrolyte bilayers, the nanotube density in each bilayer, and the nanotube-junction resistance.
In the LbL assembly method, monolayers of polycationic and polyanionic macromolecules are sequentially deposited on a solid substrate from aqueous solutions. 39 Conducting nanoparticles (SWNTs in our experiments) solubilized in the polyanionic solution are codeposited with the anionic polymer monolayer. They are thus integrated, layer-by-layer, into the resistive polymeric matrix, leading to the formation of a conducting nanocomposite.
Unlike homogeneous conductors, the sheet conductance σ of LbL-assembled polymer-SWNT films is not proportional to the membrane thickness. Instead, the sheet conductance per bilayer
grows with the number of bilayers k l . Such a growth has been observed in traditional LbL 15 and SSLbL 16 systems. For a system explored in our experiments (see Sec. II), the conductance exhibits a percolation threshold, i.e., for k l smaller than the threshold value, the conductance σ 1 essentially vanishes. We find that above the percolation threshold, the growth of the conductance per bilayer (1) is approximately logarithmic in the number of bilayers k l . While the near-critical percolation behavior of nanotube networks has been studied in much detail, [18] [19] [20] [21] [22] 38, 40, 41 to our knowledge a logarithmic growth of conductance per bilayer has not been reported, and it is not predicted by existing nanotube-network models.
To explain the logarithmic dependence of σ 1 on k l , we propose an alternative conducting-rod model (see Sec. III). We assume that LbL composite films have a stratified microstructure associated with the sequential layer-by-layer deposition process. 42 In each layer, the nanotubes (more precisely, nanotube bundles) are deposited horizontally, i.e., in the plane of the film.
Our quasi-two-dimensional (quasi-2D) model treats the nanotubes as infinitely conducting rods with resistive junctions. Based on our experimental observations (i.e., the existence of the percolation threshold and growth of σ 1 with k l ), we assume that junctions with a finite conductivity occur not only between nanotubes deposited in the same polyelectrolyte bilayer, but also in different bilayers. A junction forms when projections of two nanotubes on the plane of the film intersect.
To explain the observed dependence of sheet conductance σ 1 on the number of bilayers k l , we assume that the junction resistance grows with interlayer separation. Using numerical simulations and scaling arguments, we show (see Sec. IV) that the junction resistance that is linear in the interlayer separation yields a logarithmic dependence σ 1 ∼ log k l of the sheet conductance per bilayer on the number of bilayers k l , consistent with our experiments. The dependence of σ 1 on system parameters is explored, and we show that through an appropriate rescaling, results for SSLbL films obtained using different spray times can be collapsed onto a single master curve.
II. SHEET CONDUCTANCE OF MULTILAYER POLYMER-CNT FILMS

A. Experimental procedure
Our SSLbL apparatus and experimental procedure for assembling polymer-CNT nanocomposite films have been described previously. 16 Briefly, the SSLbL apparatus allows the sequential spraying of polyelectrolyte solutions and rinse water onto a horizontal rotating substrate using three vertically oriented sprayers and a spin-coater. Subsequent drying of the layers is achieved at elevated temperatures using an integrated heating element.
For solution homogeneity, 1 poly(styrene sulfonate) (PSS) aqueous solutions with 0.5 mg/mL single-walled carbon nanotubes (SWNTs) were prepared with 3 h of bath sonication followed by 45 min of tip sonication and 90 min of centrifugation at 3000 rpm to produce a stable dispersion. Using HCl, 10 mM poly(vinyl alcohol) (PVA) solutions were adjusted to pH 2.8.
Glass slides cleaned with piranha solution (3:1 sulfuric acid to hydrogen peroxide) were placed on the SSLbL vacuum chuck and rotated at 3000 rpm while solutions and rinse water were sprayed. A single bilayer was assembled using a spray and dry procedure of polycation, rinse, dry, polyanion, rinse, dry. Polyelectrolyte spray times were either τ spray = 0.2, 0.5, or 0.8 s. Deionized rinse water matching the pH of the polycation solution was sprayed for 2 s. During the drying step, the substrate was maintained at approximately 45
• C for 4 s, which ensured complete drying of the film between deposition of subsequent layers.
According to our supplier of SWNT, nanotubes are 1-2 nm in diameter and 5-30 μm in length. Bundles are larger in both directions. The thickness of (PSS + SWNT)/PVA SSLbL films with 0.5 s polyelectrolyte spray time is 0.8 nm per bilayer.
B. Measurement results
Five resistance measurements were taken across the surface at defined distances from the center of the substrate using a Keithey 2400 SourceMeter and a Signatone four-point probe. Figure 1 shows the sheet conductance per bilayer (1) versus the number of bilayers k l for SSLbL films assembled using three different solution spray times τ spray . The results indicate that for a given value of k l , the conductance σ 1 is larger for films assembled using a longer spray time. Otherwise, the dependence of σ 1 on the number of bilayers shows similar features for all three sets of measurements.
In particular, for a small number of bilayers, k l < k l perc (where k l perc is the threshold value), the conductance is essentially zero (below the sensitivity of our probe). The percolation threshold varies between k l perc ≈ 20 for τ spray = 0.2 and k l perc ≈ 10 for τ spray = 0.8. For k l above k l perc , the conductance per bilayer σ 1 gradually increases; we observe that this increase is approximately logarithmic in k l , as indicated in Fig. 1 by solid lines.
The existence of the conductivity threshold and the subsequent increase of the conductance per bilayer indicate that the membrane conductivity is controlled by the formation of a percolating network of highly conducting nanotubes in a resistive polymeric matrix. (For a macroscopically homogeneous material, the conductance per bilayer σ 1 would be constant.) The formation of such a network is illustrated in Fig. 2 , where we show SEM micrographs of the film near the conductivity-percolation threshold.
In what follows, we elucidate the properties of the film using a conducting-rod model. We show that the standard model is inadequate for a description of the LbL film (see Sec. III B), and we propose a stratified rod network model that captures key features of the system behavior (see Secs. III C and IV).
III. STRATIFIED NETWORK OF CONDUCTING RODS
A. Formation of conducting network
The thickness of individual polyelectrolyte bilayers in a film created via an LbL process is much smaller than the length of the nanotubes codeposited in each bilayer. Thus we assume that the nanotubes are positioned horizontally (i.e., in the planes parallel to the film). Since the conductivity-percolation threshold in our system involves multiple bilayers, it is clear that contacts with finite electronic conductivity form not only between nanotubes deposited in the same bilayer, but also between nanotubes in different bilayers. These contacts occur despite the fact that the nanotubes are codeposited with a highly resistive polymeric matrix that separates them.
The above observations motivate modeling of the film as a quasi-2D network of infinitely conductive rods representing nanotubes (or nanotube bundles) embedded in a highly resistive polymeric matrix, as illustrated in Fig. 3(a) . The assumption of infinite rod conductivity is supported by previous studies that establish that resistance in networks of SWNT is dominated by that of contacts. 20, 43, 44 For simplicity, we consider rods of equal length l and negligible diameter. It is assumed that there exists a junction with finite resistance between rods if their projections onto the film plane intersect, as depicted in Fig. 3(b) . This quasi-2D picture of the network structure is justified because the film thickness (less than 1 nm per bilayer) and nanotube diameter (1-2 nm) are much smaller than the nanotube length (5-30 μm).
As depicted in Fig. 3 (a), the density of the network increases with deposition of subsequent bilayers. The number of newly formed junctions [marked in yellow in Fig. 3(b) ] is proportional to the number density per unit area,
of already deposited rods (where n s is the number density of rods in a single layer). Thus, the total number of junctions per unit area scales as
In what follows, we use the dimensionless rod density n s = l 2 N 1 /A, normalized by the rod length l. Here N 1 is the number of nanotubes in a single layer, and A is the surface area of the film.
B. Standard conducting-rod model with uniform junction resistance
In the standard conducting-rod model, [45] [46] [47] [48] all junctions between rods are equivalent. According to classical results, the conductance of the film vanishes below the percolation threshold
where n perc tot ≈ 5.6 is the percolation density. 46 For n tot > n perc tot , near the percolation threshold the conductance σ exhibits the critical scaling behavior σ ∼ (n tot − n perc tot ) δ , where δ ≈ 1.33 is the percolation exponent. 37, 45, 49 In terms of conductance per bilayer, this behavior corresponds to
For a rod density significantly above the percolation threshold, i.e., where the rods form a densely connected network, the conductance is proportional to the number of junctions per unit area,
Thus, according to Eqs. (1) and (3), the linear behavior
of the conductance per bilayer is obtained, as illustrated in Fig. 4 . (A similar linear behavior has been seen in ultrathin nanocomposite films fabricated by techniques other than LbL. 49, 50 ) Similar to the results of the classical conducting-rod model, our measurements reveal a percolation threshold and a subsequent growth of the conductance per bilayer with the number of bilayers k l . However, the linear behavior (7) predicted by the classical model is incompatible with the experimentally determined approximately logarithmic dependence of σ 1 on the number of bilayers, depicted in Fig. 1 . Thus, the standard conducting-rod model is inadequate for description of the conductance of nanocomposite LbL films. In Sec. III C, we propose a modified model that properly captures the experimentally observed behavior.
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C. Stratified rod network model
Our stratified conducting-rod network model takes into account the fact that rod junctions in the system are not equivalent. Since nanotubes deposited in different bilayers are separated by a different amount of polymeric material (see Fig. 5 ), it is assumed that the resistance ρ ij of the junction between rods deposited in bilayers i and j is a function of the bilayer distance |i − j |, i.e.,
In what follows, we show that the linear behavior of the junction resistance,
(where c 0 and c 1 are constant resistance coefficients), yields a logarithmic dependence of the conductance per bilayer σ 1 ∼ log k l , consistent with our experimental results depicted in Fig. 1 .
Numerical implementation
To determine the sheet conductance of our model stratified film, we perform numerical calculations in the following three steps. First, a conducting-rod network is constructed in a square periodic unit cell of the size L × L by sequentially depositing k l layers of randomly distributed rods. The number of rods in each layer is
2 . Second, a search for all clusters formed by connected rods (i.e., rods with intersecting projections) is performed, and the sets of percolating and nonpercolating clusters are identified. The clusters that do not percolate in the y direction are discarded, and the voltage difference between the boundaries y = 0 and y = L is applied to the remaining percolating network.
Third, the electric-current flux J flowing through a unit cell is determined by solving a system of linear equations for a network of resistors ρ ij , as described in Appendix A. The sheet conductance is evaluated from the current J according to the relation 
IV. DISCUSSION
A. Percolation region and linear and logarithmic regimes Figure 6 shows the dependence of the sheet conductance per bilayer σ 1 on the number of bilayers k l for a fixed density n s and different values of the junction-resistance parameter ratio c r = c 1 /c 0 (11) in relation (9) . In Fig. 6(a) , the results are shown in the range of small and moderate values of the parameter ratio (11); in Fig. 6(b) ,
Percolation threshold
Below and near the percolation threshold, the behavior of the stratified rod network model is similar to the behavior of the standard model with uniform junction resistance, discussed in Sec. III B. Below the percolation threshold the conductance vanishes, Eq. (4), and slightly above this threshold the nearcritical behavior (5) is observed.
Using our simulation data, we have verified that the value of the percolation density n perc tot is consistent with the corresponding value in the standard model. It has been shown that in some systems with a distribution of the junction resistance, the critical exponent δ is not universal. [51] [52] [53] However, in our model the junction resistance (8) is bounded for any finite film thickness, and we do not expect a nonuniversal behavior. The classical value of the critical exponent δ = 1.33 is consistent with our numerical results, but this problem requires further investigations.
Linear behavior
The behavior of the standard and stratified conducting-rod network models is equivalent for sufficiently small values of the parameter ratio (11), i.e., in the regime c r k l 1 where ρ ij ≈ c 0 for all junctions in the film. In particular, the results shown in Fig. 6(a) indicate that for
the conductance per bilayer varies linearly with the number of bilayers, consistent with Eq. (7) and the results depicted in Fig. 4 . Since the simulation data in Fig. 6 (a) are shown scaled by the coefficient c 0 , the results collapse onto a single master curve in the limit c r → 0.
Logarithmic regime
According to the results depicted in Fig. 6 , in the domain
the conductance per bilayer exhibits a logarithmic behavior
For small values of the junction-resistance parameter ratio c r 1, the transition from the linear behavior (7) to the logarithmic behavior (14) occurs at k l c −1 r , i.e., where the junction resistance (9) becomes dominated by the linear term. As depicted in Fig. 6(a) , the transition occurs gradually, with the intermediate regime shifting toward smaller values of k l as c r increases. In the case c r 1, the logarithmic behavior (14) develops directly above the near-critical regime, without the linear domain, as seen in Fig. 6(b) . Since the simulation data in Fig. 6(b) are scaled by the coefficient c 1 , they collapse onto a single master curve in the limit c r → ∞.
As argued in Appendix B, the logarithmic behavior of the conductance σ 1 stems from the existence of interlayer contacts of different strength, occurring over multiple length scales λ. Contacts of the resistance ρ(λ) = c 0 + c 1 λ produce an O(λ −1 ) contribution, which, upon integration over all length scales λ k l , yields the logarithmic scaling (14) .
Strictly speaking, the logarithmic behavior (14) occurs only in the far-field domain (13) . However, we find that a shifted logarithmic function
where A, k 0 , and B are fitting parameters, matches our simulation data for all values of c r in the whole range k l > k l perc . The logarithmic fits (15) are shown in Fig. 6 by solid lines.
B. Dependence of the film conductance on the rod density in a single layer n s
The behavior of the conductance σ 1 for different rod densities n s is illustrated in Fig. 7 . The results show that percolation occurs at k l perc = n perc tot /n s , where n perc tot is the percolation density in the standard conducting-rod model. For a given value of the junction-resistance parameter ratio c r , the conductance σ 1 increases with the per-bilayer density n s .
Results for different values of rod density n s and junctionresistance parameter ratio c r can be collapsed on a oneparameter family of master curves by appropriate rescaling. Such rescaled results are depicted in Fig. 8 , where the conductance normalized by the rod density 
The results show that for each value of c r the normalized conductance (16) follows a master curve, independent of the nanotube density n s . Scaling (17) of the parameter c r corresponds to substituting the junction-resistance relation (9) with the rescaled version
where c 1 = c 1 /n s and δn = |i − j |n s is the nanotube density in a layer of material consisting of |i − j | bilayers. In the low-density limit, δn can be treated as a continuous variable; thus, for n s 1 the collapse of the data is exact. The results depicted in Fig. 8 indicate that the scaling (16) and (17) works with good accuracy not only at low densities, but also for the moderate density values, especially if c r is not too large.
C. Comparison of the stratified rod network model with experimental results
Our stratified rod network model reproduces two key qualitative features of film conductance observed in our experiments: first, there is a percolation threshold, and second, for sufficiently thick films the per-bilayer conductance σ 1 grows logarithmically with the number of bilayers. In what follows, we show that with an appropriate choice of model parameters we also get a quantitative agreement, within the accuracy of our experiments.
In our analysis of the experimental data, we assume that with the increasing spray time more material is deposited in each bilayer, but the ratio between the nanotube number and polymer mass remains unchanged. This assumption corresponds to choosing the same value of the rescaled junction-resistance parameter (17) for all three spray times used in our experiments.
Accordingly, we are left with the following five fitting parameters to match three sets of experimental data simultaneously: there are two junction-resistance parameters c 0 and c r , and three rod densities n s per polyelectrolyte bilayer (for films obtained using τ spray = 0.2, 0.5, and 0.8 s spray times). The densities n s control the percolation threshold and the relative magnitude of the rescaled conductance, the parameter c 0 determines the overall conductance magnitude, and c r affects the dependence of σ 1 on the total nanotube density (2) .
A comparison between our calculations and experiments is presented in Fig. 9 . The results are plotted in the rescaled form to collapse them onto a single master curve. The scaling fits provide estimates for the effective single-layer nanotube number density n s , as well as for the junction resistance coefficients c 0 and c r (as given in the figure caption). The value c 0 ≈ 65 k obtained for the coefficient characterizing junctions between nanotubes deposited in the same layer is at the lower end of the broad range expected for nanotube contacts. 1, 20, 38, 43, 44, 54, 55 
D. On the formation of nanotube junctions
It remains an open question how conducting contacts between nanotubes deposited in different bilayers are formed, and what causes the linear dependence of the effective junction resistance ρ ij on the interlayer distance |i − j | [Eq. (9)], as inferred from our macroscopic experiments. Since the PSS/PVA polymeric matrix is insulating, the origin of such contacts, especially at large bilayer separations, is not clear.
The most likely conductance mechanism is the electron tunneling through nanotube junctions. However, the tunneling results in an exponential decay of the junction conductance with the width of the gap separating the nanotubes.
35-37,52,53,56
Since the tunneling range λ T is only of the order of 1 nm (based on an estimate of the energy barrier 31 ), this range is too small to explain conductivity through multiple polyelectrolyte bilayers.
To reconcile this apparent discrepancy between the tunneling range and the junction width (estimated based on the film thickness), we hypothesize that, due to the strong van der Waals attraction between nanotubes, 57 the polymeric material is squeezed out of the junction region, leaving only a thin polymer layer whose thickness is comparable to the size of a monomer molecule (and thus within the tunneling range). Some evidence of the proposed mechanism is provided by the SEM images shown in Fig. 2 , which suggest a nonuniform film landscape in which the nanotubes are pinned to the underlying substrate (possibly by the van der Waals attraction).
Another factor that may be essential in the formation of the conducting nanotube network in the LbL-assembled film is interlayer penetration. 58 Such interpenetration, combined with nanotube waviness, 24 may lead to the formation of conducting contacts across a large number of bilayers. In this scenario, the average contact strength corresponds to the effective junction resistance ρ ij in our model. Verification of our hypotheses regarding the nature of nanotube contacts requires detailed experimental studies of the microstructure of LbL-assembled polyelectrolyte-CNT nanocomposite films. Such investigations, combined with further numerical simulations using different variants of our model, will provide important insights into the properties of CNT-polyelectrolyte nanocomposites assembled using the LbL method.
V. CONCLUSIONS
We have analyzed the electrical conductance of nanocomposite polymer-SWNT films assembled with the spin-spray variant of the LbL technique. Several sets of films with a varying number of polyelectrolyte bilayers, fabricated using different spray times, have been studied. Our measurements show that there exists a critical number of polyelectrolyte bilayers k l perc below which the electric conductance of the film is negligible. Above the critical value the sheet conductance rapidly increases, which indicates that the film conductivity is controlled by the formation of a percolating network of highly conducting nanotubes in an insulating polymeric matrix. Since k l perc > 1, nanotube junctions with finite resistance form not only between nanotubes deposited in the same bilayer, but also between nanotubes deposited in different bilayers.
For film thickness above the percolation threshold k l perc , our experiments unveil a logarithmic dependence of the film conductance per bilayer σ 1 on the number of bilayers k l . This intriguing behavior implies the existence of long-range nanotube interactions across multiple bilayers. (Note that the logarithmic growth of the conductance with film thickness is significantly slower than the linear scaling that would be expected for a system in which all junctions are equivalent. 50 ) To elucidate the observed logarithmic behavior, we have developed a stratified rod network model for a thin multilayered nanocomposite film. Our quasi-2D model mimics key structural features of LbL polymer-SWNT films, and introduces simplifications that stem from the separation between the characteristic length scales of the problem, i.e., the nanotube radius, film thickness, and nanotube length. In particular, we assume that conducting junctions form only between nanotubes with intersecting projections onto the plane of the film.
The key assumption of our model is that the resistance of a junction between two nanotubes depends on the separation between the bilayers in which the nanotubes were deposited. Based on the observed logarithmic behavior of the per-bilayer conductance of the film, we conjecture that the junction resistance grows linearly with the layer separation. Using numerical simulations and mean-field arguments, we show that the linear junction resistance yields the required logarithmic behavior of the conductance of the rod network.
The stratified network model provides a convenient framework for describing the properties of LbL films. It can be generalized by incorporating such factors as polydispersity of nanorods, their anisotropic distribution in the plane of the film, and a probabilistic representation for the junction resistance between nanotubes in different bilayers to account for nanotube waviness and interlayer penetration. Our theory will be useful for describing the finer features of LbL films when more details regarding the nanoscale film structure and junction properties become available. The model will also be a valuable tool to analyze the effect of microstructural changes associated with different processing conditions 59, 60 on film conductance and mechanical properties. 
APPENDIX A: CONDUCTIVITY EQUATIONS
To evaluate the current J through the unit cell, we first solve Kirchhoff's circuit equations for potentials ϕ m , m = 1, . . . ,N c , of the rods that are in the unit cell and belong to the cluster percolating in the y direction. With the potential of the first rod set to zero, 
and the sheet conductance is evaluated using Eq. (10).
APPENDIX B: LOGARITHMIC BEHAVIOR OF CONDUCTANCE PER BILAYER
To elucidate the mechanism leading to the logarithmic behavior (14) of the conductance per bilayer σ 1 , we first consider a layered system with the junction resistance
Accordingly, all contacts with interlayer distance |i − j | smaller than a cutoff value λ 0 have equal resistance ρ 0 , and contacts above this threshold are not conducting. As illustrated in Fig. 10, for scales linearly with the cutoff distance λ 0 , similar to the behavior (7). In a mean-field approximation, the conductance of a system with a linear dependence of the junction resistance on the bilayer separation (9) can be viewed as a sum of contributions from junctions of different strength,
The first term in the above equation is the reference contribution from a film in which the resistance of all junctions equals the resistance (9) at the maximal interlayer distance |i − j | = k l . This term is proportional to the number of bilayers k l and inversely proportional to the junction resistance
The second term in Eq. (B3) represents the excess contribution due to the fact that the junctions with smaller distances λ = |i − j | have a smaller resistance, and thus they contribute more to the film conductivity. The integral can be interpreted as a gradual adjustment of the junction resistance from the initial value (B4) to the final value ρ(λ) = c 0 + c 1 λ. For the contribution due to the junction resistance between the values ρ(λ + δλ) and ρ(λ), we take the following estimate: 
By integrating Eq. (B6) from the lower limit λ min ≈ k l perc to the upper limit k l , inserting the result into Eq. (B3), and retaining only the essential leading-order terms, we get
